
 Chapter 3
lie groups bone definitions and general fatto

In this chapter we null introduce the home objects

of he theory Ge groups their he algebros
the exponential mop and the adjoint representation

We will prove Conton'o theorem that en closed

subgroup of a he group io a ke group and
discuss the correspondence between Ge sub

algebros and he amb groups

3 I he groups and examples

We will assume working knowledge of the
bones of differential geometry but we will
recall the bone defuntions

The reader who io not confident with
the bones of differential geometry con

consult for customer
F Wormer Foundations of differentiable



Il
manifolds and he groups

J Lee Introduction to smooth manifolds

Defuntion 3.1
A he group is a group E endowed with a

structure of smooth manifold such that the

multiplication m GAG G and avversioni

in G G one smooth maps

Recall

Definition 3.2
A topological n manifold io a secondi

countable Hausdorff spose M anch that
every

pocert un M has an open neighborhood
that is homeomorphic to an open subsetof
R

In this context a chant io a pois Uil
consisting of an open subset U C M
and a homeo p U U ER

open



Defuntion 3.3

A smooth structure on a top n manifold
Mia a collection_ A Vaia α E A

of chonto such that

1 La va M

2 α β E a

Lex Unus

È E
fa Un 4ps Ue

luanus Élacuanua la cuanto

fa Vanua is a smooth mop
È

3 A io maximal want the condition 2



Any collection of chants satisfying 1 and 2

io called an otter and one

satisfying un addition 3 io called a

mammal atlos It is possible to prova
that any offer is contoured ma maximal
one

See also
Warren 1.9 Lemmo

Remonk 3.4 for panocompoctness
A top manifold in paracompact and has

conttobly many connected components
See Lee Problem 1 5 Pg 30

It is also helpful to recall what a smooth

mop 10 Io

Let M ha a smooth manifold of dimensione n
and K be a nonnegative integer Let

f M R be
any Junction

We say that

fio smooth if for every p E M there in

a chart via with V7 p such
Fat for 1 is smooth on gru E I

co



Thedefuntion conly generalizes to maps between

manigoldo

Let MIN be smooth manifolds and F MAN

beong mop We say that
Fino smoothmop

for every p FM there exist smooth
chanto U e with Uap and

Vip with Fip EV such that
FCU V and Yo F f io

smooth from e tu to Y V

this is non a mop between Euclidean domanda

We con now go through the examples of
top groups discussed un Chapter 2

and see which ones con betained into
Le groups

Example 3.5 Cf with Example 2.3

Any countable discrete group is a 0

dimensional Leegroup

Example 3.6 Cf with Exempla 2.4 2.5



R 7 R one be

groups

Example 3.7 Cf unth Example 2.6

GLCU.IR is on open subset of Main R

and as such it is a smooth n

manifold The motux product
Man R Muin R Man R

io smooth inner stia polynomial and
so is the inverse GLCn.IR GLIM.IR
ance Aly III
Example 3.8 Cf with Ex 6 Sheet I

Ingeneral Homeo X is not locally
compact for customer if is a top
n manifold for 471_ In porticulon
it cannot be a he group

Example 3.9 Cf with Example 2.14

If id io a proper metre opere then
Io X is a locally compact Hausdorff



ay ff
group which may on may not

be a he

group
En customer if Xd A deal thee
Iso X is a he group More generally

if id is a Riemonman momfold
there Iso X io a he group Myers
Steennad 39

In ander to analyze more examples ma

need some additional tools from diff
geom

We stent by ovooraring the motion of regular
submanifold

Let M be e smooth m manifold

Defuntion 3.10 Regular submanifold
A subspace NCM io a regular n submonif

if Up EN therein a chant Uil of p

meaning p EU such that



1 6 p 0

2 6 U C 1,1

3 6 Nau 3 E f 1,11 ante

m 0

in

Byrestricting the charts from Def 3.10
to N una obtain a smooth n manifold
structure on N

For ma regular submanifold null be
relevant by the following
Theorem 3 11

Let G be e le group and H e G be
a subgroup which is also a regular
submanifold Then it is a ke group
Cath the undereed smooth structure



The proof io left on on Exercise

Exercise 3.12

Find on example of a negarlo submanifold
which is not a closed subset
Show that if Giro a be group and
H C G is a subgroup which is also a

regular submanifold then A is closed
W G

A powerful tool to construct regular
submanifold io given by the following
consequence of the ampliert function
theorem

Theorem 3.13

Let f M M be a smooth mop
between smooth manifold's of dimensions
respectively m and m Assume that

f has constant monk K on M

Then 9 fin f p is a regular

submanifold of M of dimension M K



8 I

Recall that the nonk of f of p EM is

the rank of the Green mop

Dpf Tp M Tgip M

The motion of tangent space will be
recalled below We will be applying
Thom 3.13 un the cose where M
io an open subset of R below for
some N

Example 3.14

We show that SLIMIR and 0141K
are he groupa
1 We claim that SCIMIA io a negulon

n 1 submanifold of GLIMIR

His sufficient to show that
det GLIMIR

has constant monk equal to 1 as

then tam 3.13 applies



We con computer

Dadet X detCAttx

IL data dat 1 FAX

data Dedet AX

Henee dat has constant monk The
rank is I since Exercise

Dedet x ti

2 We claim that 01h in a negenton

NII submanifold of GLINK

His sufficient to show that the mop

J GLINIR Main R
A A

has constant rank IYI as the
Thom 3.13 applies

We compute
Data Il o

latte I E



t at

IL AI t.tl at
EXE

XI AI

Hence DafCX Def XI
has constant monk

The rank equals the dimension of la

Mmn R which is II
Exercise 3.15 Cf with Example 2.17
Prove that Ocp g io a he group

3 2 Vector fields and Lie algebros

In this section we recall few facto about
smooth vector fields and how they
lead to an algebraic object called
Le algebra

Let M be a smooth momfold and PEM



Recall that the
ring of germs of pof

smooth functions io

c p V f Vap is open

t O Risomooth

where V fi V2 fa if there io

PEU C Virus open with filo f
This has a obmono.mg atmatare Note
that ftp.liswell defunedifff Tp

Defuntion 3.16 Tangent vector
A fongent vector of p io a lunean form
Xp C p IR such that Kfig
E C p if holds

Xp fg fip Xp g gip Xp If
Leibniz rule

The set of tangent vectors of p forma
a vector space demoted Tpm

Exercise 3.17

If Viel is any chort otp with p O



y
then R Tp M

r fa D f g v

is a vector space isomorphism

The set of all tangent spaces con be

organized into a spore TM
nTpM

rolled the tangent bundle of M with
a natural smooth structure for which
IT TM M

vip p v ftp.M
io o smooth mop Lee Proposition 3.18

A smooth vector field in thema smooth
section M TM of it

We consider an alternative equivalent
approach and introduce

Defuntion 3.18 vector field
A vector field on M io e mop 1 M TM

p Xp such that Xp TpM Kpem
His smooth if E Ca M the

mop M R



p Xp f
lo smooth

We want now to discuss the local expression
of a vector field wit a gravenehont

So let Vip be a chant on M Demote

G en the camomeol bono of R

We get 1 ieri a vector field
E on U defined by

E f Dp f g
1 ti

q EU f f c u

By Exercise 3.17 forevery g EU
E E io a bona of FM

hanee if is any vector field on V'then
ore uniquely determined functions gi gu
am U such that

Xp II gilet E



We have that io smooth iff gi gu
one smooth Exercise

Ne introduce a mare abstract perspective
an vector fields

Recall that for a generi field 1K a K

algebra io a K vector space equipped
with a bileneon product

Defuntion 3.19 Derivation of in algebra
Let A be a K algebra where Kisony
field A derivation of A is on endomorphism

Si A A

of the He vector space A anch that
Scab 8cal b a 8lb HaibfA

We shall demote by Den A the space of
derivations of A

From now on Veet M on amply Veet MI
well demote the space of smooth vector



I
fields on M

Proportion 3.20

The mop α Veet M End MI

defined by X f p Xp f
io on isomorphism onto its image
Der MI

Remonk 3.21

Note that
every f

E C M defines on

element of p p EM namely
the class of MIL Conversely
Uap open and f E C U there

la F E CNCM such that M F

and Vit ore equivalent
This con be checked by relying on

the existence of cut off functions
g E C MI sto suppg

CU and

9 1 on a neigh of p

Proof of Prop 3 20

The fact that at is a derivation follows



Lo 8
from the Gibma rule urthe defuntionof
tangent vector Def 3.16
Conversely let 8 C M C CM
be a derervation of M

Fix p M Then if f.fr E TIM
comrade in a neighborhood of p it

holds 8 fi p 8 fr p

Indeed Gt Vap opens.t f fly
let
g

C 1Mt such that

supp g CU and
9

1 in a meigh

of p Leibniz

8 f f g Ip ftp.frl.ip gep
11 If filip Sg p

8079 Sig p 81 2 p
È f fr on suppg

Now define Xp Tp R in the

following way Representany UIL by
on equivalent M F

any Remark 3.21

with F E C M and set

Xp f FF p



By G obove this Xp is well defined
Using that 8 io a dermation it's elementary
to check that Xp ETpM ond is a smooth
vector field

Weneta that in general the composition of
tuo derivation is not a derivation
For motonee if 8 C CR R

J 7
hem 8 C CR C CR

f f
is not a duration Cheek this

However we have the following
Lemmo 3.22

Let 8 8 E Der A Then S fr da S
Den A

Proof
f fa Sia 8 clearly defines on endomorphism

of A We just need to verify the Leibniz
rule
To this am we rompute



Si fa a b S Sala b a fa b
S S a b Sica 8 b 8 a S b

a S Salut
Sis lab Sa Silalb a 8 b

S S a b Sila Salb SÉ
a 825,157

tener
Sif Sas la b 8,82 Sif Cal b

a 8,82 8251 b

We can apply this to Neet M given
X Y E Vect M we conclude from
Cemmo 3.22 that Xxy f α

E Den C MI and henceby Prop 3.20
It corresponds to on element of Veet M

Defuntion 3.23 Brocket of vector fields
The brocket X Y of two vector fields
il Veet M is the unique element

me Veet M such that
a XD ax.a.Y aY.at



More generally we con formalize this operation
we the following

Defention 3.24 Brocket of endomorpluamo
It Vis ong K veeton spore the brocket
Ti Te End V of two endomorpluomo

Titans Tita T Ta IT

If A is a K algebra the bracket operation
is a bilineon mop on End A

preserung
Den A

The mop End V End VI End V
Tita T Ta

satisfies
1 It io bilinear
2 Cantiaymmetry T.TL Trit 0

3 Jacobi Ti TriT3 T Tinta
Tz Ta T 0

Remonk 3.25
The Jacobi identity is a substitute of



y
associativity associativity
Associativity Wedomount to

Tittata T.TL 3
Antiammetry Tg Tita
tener Ti Trita 73 Tinta D

Defuntion 3.26 ha algebra
A he algebro over e field K is a K vector

space endowed with omop 9 9 g
ex Exy

satisfying the properties 1 2 and 3 above

Example 3.27

1 If Via a IK vector space the End V
endowed with the brocket is a healgebra

27 If Mio e smooth manifold then Veet MI
endowed with the brocket io a he algebra

non vector product
3 173 with the cross product is a heelgitore

Defuntion 3 28 Le algebras homomorphism



A K emeen mop e p h of K he

algebros io a Lee algebra homomorphism
if e my eh acy Hyeg

Given a smooth mop a M M where
Min ora smooth manifolds un general there
o no induced mop Veet M VestTM

However there is such induced mop if
we assume that a in a diffeomorphism

See pag 26 below for the defuntica
of Dennature

Mon generally we son introduce the following

Defuntion 3.29 e related vector fields

Wesoy that E Veet MI and
Veet MI one e related if
Icm Dmt Xm km EM

There is a useful algebraic reformulation

Let 6 f f p f C M
Then MI M



io an algebra homomorphism MI M

Lemma 3.30

and are p related iff the
diagramm

COSMI È CCM

fax
C MI È CN M

commuters

The proof is left on on Exercise

Proportion 3.31

If Ri and Xi ore e related 1 1,2
then i X2 and i 2 one

e related

Proof
By Lemmo 3.30 shone we have

d'a x2 e a 1 1 2 11 141
Def 3.23



a a 4 1 2 2 va.lk 7yall acxilpa aCxIacxi1y
ix la xD XI XI 95

a i XD 6 7 Def 3.23
Hence xi ti and 9,1 2 ore e related

by Cemmo 3.30 ogni IconnImpereation

Wenate that if M M in diffio
the e CTM M is

on isomorphram of algebras FILE
Hence genere Vect M there

inamaque E Veet M which
io e related to X homely

Ce t'α y

We will demote X p

Conollory 3.32

Follows from Pop 3.31

If a M M io a diffeomorphism
then Veet M Veet M

p



Io e Le algebra isomorpluam on differential
o

For the above definitions it in helpful to
recall that the derivative on tangentmop
at PEM of a smooth mop M M

in defined un the following way
Let Xp CTP A be a tangent
vector and f E C'Carp with
a slight abuse of notation eat 0,7
be a representative with Uap operai

E L
Then Ape Xp f Xp foy III

In the cose when M is an open subset
of a funte dimensional vector sporca over

R we will use some conventions

and identifications

Lat 2 CV be open We have the

Identification of the fongent spore
TR ver

W Wr



ma wu f
e

tw
ecar

If their U is any Green mop

Arl Wu Lluttw Liu

In porticurlon E

Dvd Wu Icw

the tangent space of avector spole

Igazzggeagggi
is the linear mop itself

See Lee Proportion 3.13 for more details
definition of Dal Wol

D 2 cui f 1,1 Liv tw

aneauty È Lv Lw

Lui f


